We present a proof of Sklar's Theorem that uses topological arguments, namely compactness (under the weak topology) of the class of copulas and some density properties of the class of distribution functions.
Introduction
Sklar's theorem is the fundamental step in the construction of multivariate stochastic models through a copula approach, i.e. by describing a joint probability distribution function (shortly, d.f.) in two steps: the knowledge of the univariate marginal d.f.'s and the copula, which captures the information about the dependence of the variables of interest. This approach has proved to be useful in a variety of fields of applied mathematics ranging from finance and insurance to geosciences: see, for instance, [4, 8, 9, 10, 12, 14] .
In view of its importance, Sklar's theorem has been the object of several investigations reported in the literature with the aim of exploring its different facets. One possible strategy to prove this result has consisted in constructing the so-called sub-copula associated with a joint d.f. and, then, extending it to a copula. This procedure was used for the first time in [15] . A similar construction may also be found in [2] . Another possible approach relies on probabilistic arguments based on suitable modifications of the probability integral transform; this is the approach used in [11] and, then, reconsidered in [13] . Others proofs based on specific tools have been obtained in [1, 5, 3, 6] .
Here we present a proof of Sklar's Theorem that is based on topological arguments, basically the compactness (with respect to the weak topology) of the class of copulas and density properties of the class of d.f.'s.
Distribution functions and copulas
In this section we recall the preliminary notions that will be used in the sequel (see, for instance, [7] ). Throughout this paper, d is a natural number with d ≥ 1, while
For a function H : We consider the following definition.
(a) for every x ∈ R d such that at least one argument of x is −∞, F (x) = 0, and F (+∞, +∞, . . . , +∞) = 1. (b) for every j ∈ {1, 2, . . . , d} and for all x 1 , . . . , x j−1 , x j+1 , . . . , x d in R and t ∈ R, the function
be its subset formed by the continuous d.f.'s. Notice that, since we consider distribution functions defined on the product of the extended real line, D 1 is compact under the weak convergence (see for instance [16] ).
Definition 2.2. A d-copula is the restriction to I
d of a distribution function whose univariate margins are uniformly distributed on I.
The set of d-copulas is denoted by C d . In the sequel, we shall use the fact that C d is compact space with respect to the weak topology (see, for instance, [6] ).
Our goal is to give another proof of the following result [18] , which is the first, and harder part, of Sklar's Theorem.
Theorem 2.1. Let H be a d-dimensional distribution function with univariate marginals F 1 , F 2 , . . . , F d . Then there exists a copula C such that, for every x = (x 1 , x 2 , . . . ,
Proof of Sklar's theorem
In proving Sklar's theorem the main difficulty is encountered when considering d.f.'s that may present one or more discontinuities. In fact, when H is continuous, the proof can be easily obtained, as stated in the following result (see, for instance, [12] ). H with continuous marginals F 1 , F 2 , . . . , F d there exists a unique copula C such that (1) holds. C is determined, for all u ∈ I d , via the formula
where, for i = 1, 2, . . . , d F
is the quasi-inverse of F i (see [12] ).
In order to overcome the difficulties that arise for non-continuous d.f.'s, we shall use some topological arguments. First, we need a preliminary lemma. Proof. For every x ∈ R, we set
For all H ∈ D d and x ∈ R d we consider the d.f. defined by
where cotan(0) = +∞ and cotan(π) = −∞. Moreover, we define H * (x) = H(x), if each x i = 0, otherwise there exists i such that x i = 0 and we set
Analogously, one may define the values of H * when more than one argument of x is equal to 0.
The transformation ψ : 
Consider intervals of I of the following type:
. . , n. It follows that I d can be decomposed into boxes of the form
where λ d is the Lebesgue measure. For every Borel subset A of I d , define
Since µ n (A) is the sum of integrals of positive functions on A, µ n is a measure, which, by construction, is absolutely continuous with λ d . It follows from the definition that
..,i d ) for every box of type (2) . Let K n be the d.f. associated with µ n . Then K n is continuous and verifies
there exist some indices i 1 , . . . , i d ∈ {1, 2, . . . , 2 n } such that each x j is in i j − 1 2 n , i j 2 n , and
Because K is continuous at x, it follows that K 2 n (x) → H(x) for n → +∞. It follows that K 2 n weakly converges to K and, hence,
Proof of Theorem 2.1. Define a mapping ϕ from
In view of [17, Theorem 2] , ϕ is continuous with respect to the product topology on 
